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ABSTRACT: We study the possibility of reentrant melting of a hexagonal columnar crystal of flexible
charged polymers at high enough densities. The Lindemann criterion is employed in determining the
melting point. Lattice fluctuations are calculated in the Debye model, and an analogy with the Abrikosov
vortex lattice in superconductors is exploited in estimating both the elastic constants of the hexagonal
lattice and the appropriate Lindemann constant. We also discuss the unusual functional integral
describing the statistical mechanics of a single polymer in an Einstein cage model using the path-integral
formulation. A crossover as a function of an external field along the column axis is also discussed.

I. Introduction

Liquid crystals have generated much interest due to
the variety of phase structures they exhibit, not all of
which are completely understood. In this paper, we
focus our attention on flexible chains of polyelectrolytes
that are known to form hexagonal columnar crystals at
the ordered end of their phase sequence, i.e., at high
densities. Most biopolymers fall in this category, e.g.,
DNA, xanthan, and PBLG when dissolved in suitable
solvents1 which are aqueous salt solutions in most cases.
These materials are crystalline only in the two direc-
tions perpendicular to the polymer strands; the se-
quences of monomers in adjacent strands are not in
registry. Owing to their limited temperature range of
stability, the phase transitions are usually achieved by
changing the density of polymers F and the ion concen-
tration c in the solution. The gas of ions screens the
otherwise long-range Coulomb repulsion between the
ionized polymers, resulting in an exponentially decaying
interaction for distances greater than the Debye-
Hückel screening length λD ≡ κD-1 ∝ c-1/2.2

In this paper we explore the possibility of the colum-
nar crystal melting with increasing densities or osmotic
pressures, similar to the melting of ice at high pressure
or to the melting of quantum Wigner crystals at high
densities.
Our motivation is an analogy with the melting of the

Abrikosov flux lattice in type II superconductors at high
magnetic fieldsH. The flux lines also form a hexagonal
columnar crystal, which was earlier thought to exist
throughout the entire region between the upper and
lower critical fields Hc1(T) < H < Hc2(T). It has,
however, been predicted3 and recently experimentally
verified4 that the flux crystal melts into an entangled
vortex liquid via a first-order phase transition as the
vortex density is increased. The melted flux liquid
phase is denser than the coexisting vortex crystal,
consistent with the negative slope of the melting line
Hm(T) and the Clausius-Clapeyron equation. The flux
segments interact with a screened-Coulomb-like repul-
sion, similar to that between the polyelectrolytes, the
role of the screening length λD being played by the
London penetration depth λ. Although there are also
significant differences between the two cases, we believe
thermal undulations of ordered hexagonal columnar
polyelectrolytes in the soft interaction potential they
experience at low screening can lead to anomalous

icelike melting just as for the flux lattice. Experimen-
tally, a reentrant “disordered phase” has been observed
by Fraden5 in flexible fd bacteriophages at densities
beyond the crystalline phase, although the relation of
this phase to the dense liquid we predict here is not yet
clear.
In trying to estimate when the columnar crystalline

phase would melt, we have applied the Lindemann
criterion which predicts melting when the root mean
square thermal phonon displacements exceed a certain
fraction of the lattice spacing, known as the Lindemann
constant cL. Although cL for polymer columnar crystals
has not yet been measured directly, Odijk6 has at-
tempted to calculate it from an approximate low-density
melting curve by estimating the fluctuations analyti-
cally. He found a c-dependent value of cL in the high-c
regime with an average value around 0.126 which could
be larger if the melting data were more precise. Here
we have borrowed its value from experiments on the
Abrikosov flux crystal (cL ≈ 0.15).7
Although we focus here on flexible polymers with

relatively long-range electrostatic interactions, the same
methods may be applied to other regimes and systems.
For example, if a strong magnetic or electric field is used
to ensure alignment of the polymers, it may be possible
to dilute the columnar hexagonal phase until the
repulsive electrostatic interactions are in the weak
exponentially screened regime. Melting into liquid of
aligned polymers will now occur upon sufficient dilution,
similar to predictions for vortex lines at low magnetic
fields. Where this low-density melting occurs can also
be estimated via a Lindemann criterion. One can as
well use the Lindemann criterion to treat melting of
hexagonal columnar phases composed of disklike mol-
ecules instead of polymers. All that is required is
knowledge of the elastic constants such as those enter-
ing eqs 4.3 and 4.4 below. For an alternative approach
which leads to phase diagrams for hexagonal columnar
phases dominated by hard-core excluded volume inter-
actions, see Selinger and Bruinsma.8
In the following section, we review a simple calcula-

tion9 that uses dimensional analysis to estimate the
fluctuations of a single polymer under the influence of
its neighbours, as in the Einstein “particle in a cage”
model of phonons in atomic crystals. Section III de-
scribes the statistical mechanics of long polymers in a
cylindrical cage in more detail, by mapping onto the
problem of the two-dimensional “quantum mechanics”
of a particle in a potential, with, however, an accelera-
tion-dependent “kinetic energy” term. The model and
the analysis presented in these sections are similar to
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those of Podgornik and Parsegian,2 whose calculations
(which rely on analogy with conventional quantum
mechanics) are, however, better suited to crystals in a
strong external electric or magnetic field. On the other
hand, the model with the bending term has been
analyzed in detail by Burkhardt10 in the absence of
external fields and by Kleinert11 and Dodonov et al.12
In Appendix A we outline the calculations relevant to
our problem and extract the results that are discussed
in section III. Improvement on the Einstein model
requires collective treatment of the lattice fluctuations
as in the Debye model of phonons in conventional solids,
described in section IV. Appendix B presents a numer-
ical study of the validity of the harmonic approximation.

II. “Polymer in a Cage” Model

In the Einstein model, each polymer in the crystalline
phase sits in a potential “cage” formed by the surround-
ing polymers, fluctuating around the potential minimum
(see Figure 1).2 The fluctuations are determined by the
bending rigidity κ of the polymer and the form of the
potential well. The rigidity κ is related to the persis-
tence length lP of the polymer in dilute solution at that
temperature: lP ) κ/T is the length a free polymer would
wander before bending appreciably (we use units such
that kB ) 1). However, in the crystal its wanderings
are more confined, with the potential typically deflecting
it back into its cage before it can bend appreciably.
The potential energy per unit length of a polymer due

to interactions with a perfectly straight neighboring
polymer at a distance r is2

The prefactor is given by uo/T ) lB/b2γ, where lB is the
Bjerrum length e2/εT in the solution, b is the distance
per unit charge (screened by counterions) along the
polymer, and γ is a factor that accounts for the finite
thickness of the polymer, γ ≈ κD(D/2)K1(κDD/2), D being
the hard core diameter of the polymer. Here e is the
electron charge and ε is the dielectric constant of the
solvent. This form of the potential assumes that r is
large enough that V(r)b , T, which, for κDr , 1, requires
that b . lB, that is, the polymer be weakly charged. For
a detailed discussion of corrections to the potential for
DNA, see Schellman and Stigter.13

For fluctuating polymers, we can still use eq 2.1 as a
reasonable approximation if the fluctuations are a small
fraction of the lattice spacing a, and the slopes relative
to the average direction of alignment (say, ẑ) are small.
Let the planar coordinate r(z) ⊥ ẑ describe the

trajectory of a polymer. If the surrounding polymers
sit at lattice sites Rν (with lattice constant a), the
potential minimum they create is, on average, along the
line r(z) ) 0, and the potential energy for a small
displacement r is

where

The two terms in k correspond respectively to displace-
ments r perpendicular and parallel toRν, and the factor
of 1/2 comes from directional averaging. In the last line,
we have used eq 2.1 and the differential equation which
defines the modified Bessel function K0.14 A mean field-
like treatment15 would increase the effective k by O(exp-
(κD2〈|r|2〉)), which can be ignored if κDd , 1, d ) 〈|r|2〉1/2
< cLa. When κDa , 1, we approximate the sum by an
integral, ∑Rν*0 f F ∫d2r where F ) 2/x3a2 is the areal
density of polymers, and find

We can now write the fluctuation energy of the
polymer approximately as

where L is the sample length along ẑ and the integral
is over z rather than the polymer contour length, an
approximate simplification provided that the slopes |dr/
dz| are small.
Dimensional analysis gives the characteristic length

scale for fluctuations:

which is the analogue for a harmonic potential of Odijk’s
deflection length ldef.16 The energy of a fluctuation of
length l* is E* ≈ κ1/4k3/4|r|2. Assuming that segments
of length l* fluctuate independently and applying the
equipartition theorem, we obtain

up to factors of O(1). Note that these quantities satisfy
the relation ldef ≈ lP1/3deff2/3 derived by Odijk for the case
of hard-core interactions, if we replace the effective
hard-core diameter deff of the confining tube with d.
For κDa . 1, k decays exponentially with κDa and the

fluctuations increase exponentially, eventually destroy-

Figure 1. In the “polymer in a cage” model, each polymer is
viewed as fluctuating in the “cage” formed by the potential
field of its neighbors.

V(r) ) 2uoK0(κDr) (2.1)
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x3

uo
a2
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δE[r(z)] ) E[r(z)] - U(0) )

∫0Ldz [12κ (d2rdz2)
2

+ 1
2
kr2] (2.4)

l* ≈ (κk)
1/4

(2.5)

d ≡ 〈|r|2〉 ≈ T
κ
1/4k3/4

(2.6)
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ing in-plane long-range order, so that at low densities
one has the expected melting to a nematic or isotropic
phase, with liquidlike in-plane order.
However, for κDa , 1, k ∝ 1/a2 from eq 2.3b, and we

find

so that for very high densities also, fluctuations increase
relative to the lattice spacing, in this case due to
confinement of a flexible line by a soft potential (∼log
r). Thus, the crystalline state is not viable at high
densities and should melt, presumably into an en-
tangled polymer nematic. As discussed by one of us,
similar icelike melting arises at high densities for all
repulsive power-law potentials V(r) ∼ 1/rn provided n
< 2/3.17
The locus of the critical lattice constant for melting

am, as a function of ionic strength (via κD), temperature,
etc. is given by solving the self-consistent equation:

where k(am) is given by eq 2.3a. It yields two melting
linessa κDam . 1 melting to a nematic or isotropic phase
and a κDam , 1 reentrant melting, as illustrated in
Figure 2. In terms of dimensionless variables x ≡ κDD,
y ≡ am/D, and A ≡ a*m/D, where a*m is the solution of the
above equation in the κDam f 0 limit and D is the hard-
core diameter of the polymer, entering the calculations
through the interaction strength uo, which determines
k, the reentrant melting line is given by

while the low-density melting line is given by

which should, however, be corrected for undulation-
enhanced electrostatic repulsion15 if κD2〈|r|2〉 is not
small. The numerical coefficients here have been
obtained by using the results of section IV. The observ-
ability of reentrant melting at high densities requires
A > 1.
This crude derivation has also assumed that the

slopes ∼d/l* , 1. If the deflection length is of the order
of the fluctuation size, then we might no longer have a
soft loglike potential for a , λD: interactions would look
more 3-dimensional, that is, more like 1/r, and this
would suppress the fluctuations at small a, suppressing
the transition.
The small slopes condition was also used to replace

the polymer contour length s with distance along the
axis z. The correction for this approximation would
involve replacing dz with dz(1 + |dr/dz|2) to lowest order
in |dr/dz|. This would give rise to an additional qua-
dratic term 1/2g(dr/dz)2 in δE[r(z)], where

This correction can be neglected if λD , l*, so that each
deflection segment acts as a straight rod with respect
to the interaction.

III. Statistical Mechanics of a Polymer in a
Quadratic Potential
The statistical mechanics associated with the Gauss-

ian model (2.4) can in fact be computed exactly.10-12 The
approximation that the polymer fluctuates freely in a
quadratic potential requires a distribution in r with a
spread small enough so that anharmonicities associated
with the boundaries of the cage are negligible. (This
approximation has been investigated numerically for
polymer parameters corresponding to B-DNA in Ap-
pendix B.) The statistical mechanics is governed by the
partition function

The problem can be mapped onto that of a 2D particle
in a potential, obeying unusual “soft” imaginary quan-
tummechanics (see Appendix A), so termed because the
energy of long-wavelength fluctuations with wavevector
q along the z-direction scales as q4 rather than as q2,
which is the case for the more common problems
representing a string under tension that map onto
regular quantum mechanics. If the head-tail unbind-
ing transition9 does not occur before melting, finite
length polymers will be connected head-to-tail across
the sample and it is appropriate to take the limit L f
∞, the thermodynamic properties of the polymer can
then be extracted from the ground state of this “soft”
quantum mechanics problem.
We consider the general energy function

g representing the coupling to an external magnetic field
H ) Hẑ: g ) øaH2F where øa is the anisotropic bulk
magnetic susceptibility of the polymer crystal. Unless
λD , l*, g should also include a term 2k/κD2 due to the
inextensibility of the polymer, as explained at the end

Figure 2. Schematic phase diagram of the polyelectrolytes
in terms of lattice constant a and Debye screening length κD,
scaled with respect to the polymer hard core diameterD which
appears in the interaction strength uo through a factor
accounting for finite polymer thickness. The lines indicate
melting of the columnar crystalline phase, as obtained from
the Lindemann criterion for κDam < 1/10 (reentrant melting)
and >10 (melting to a nematic or isotropic phase), taking the
κDam f 0 limit of am/D (which is independent of κD) to be 1.2
(for reentrant melting to be observable, this has to be >1).

〈|r|2〉
a2

∝ 1
a1/2

(2.7)

T
κ
1/4k(am)

3/4am
2
≈ cL

2 (2.8)

y ≈ A [x2K1(x2)]
3

(2.9a)

y8/3K′′o(xy)

K1(x/2)
2
≈ A2/3

6
(2.9b)

g ) U(0) ) ∑
Rν*0

2uoK0(κDRν) ) 2k/κD
2

Z ) ∫Dr(z)e-δE[r(z)]/T

≡ e-δF/T (3.1)

δE[r(z)] ) ∫0L dz [12κ (d2rdz2)
2

+ 1
2
g (drdz)

2
+ 1
2
kr2] (3.2)
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of the previous section. As shown in Appendix A, we
then find

i.e., a purely entropic contribution reflecting the entropy
reduction due to confinement.18 Since equipartition
holds exactly for a quadratic energy function, the total
fluctuation energy is 〈δE〉 ) TL/lo (lo ) length of a
monomer), making the total entropy per unit length

This form for the entropy can be understood via a simple
argument:
Let us, for convenience, discretize the motion of the

polymersat each step of length lo, it can move into any
of n neighboring lattice sites in the next plane. Let us
suppose that when, after ldef/lo such steps, it hits the
wall of the confining tube, it has only n′ ≈ n/2 sites to
move into. The entropy per unit length of a polymer of
length L is then

which looks very similar to expression 3.4 and suggests
we interpret l* as a deflection length.
For H ) 0 ) g, one finds an entropy reduction of 1

unit per length l*/x2, confirming that l* plays the role
of a deflection length for a harmonic potential.
An experimental probe into the free energy per unit

length F(a)/L ) U(0) + T/l* is provided by measure-
ments of the expansive force per unit length of the
crystal using osmotic stress techniques.2,19 Since for κDa
. 1, U(0), k ∝ K0(κDa), and K0(κDa) ∼ e-κDa, we infer
from eq 3.3 that the force ∝ ∂F(a)/∂a should exhibit an
exponential decay length at large a 4 times that at
smaller a, while in the presence of a strong enough
magnetic field, it should only be doubled, the crossover
occurring around g ) 2xκk.
The fluctuations 〈|r|2〉 ≡ 〈∫0Ldz r2(z)〉/L can be calcu-

lated as (see Appendix A)

and for H ) 0 ) g, eq 2.6 is recovered up to numerical
factors.

IV. Phonon Fluctuations
Having obtained a rough estimate of the fluctations

by looking at a single polymer, we now proceed to a more
rigorous “Debye” treatment of the lattice fluctuations
by integrating over the phonon modes in a continuum
description of the crystal. We introduce a 2D continuum
phonon displacement field

where ui(z) is the displacement of the ith polymer from
its equilibrium position Ri on a triangular lattice, and

F ) 2/x3a2 is the average planar number density of the
polymers that is fixed by, e.g., an external chemical
potential or osmotic pressure. The average local ne-
matic order parameter n̂ ≡ (nz ≈ 1, n⊥ ) δn), |δn| ≈
d/l* , 1, is related to u by δn ) ∂u/∂z in the continuum
description.
Following earlier works,8,9 we write the continuum

free energy of the crystal as a sum of two parts:

where

K1, K2, and K3 are the splay, twist, and bend Frank
constants, respectively, of the polymer nematic with
areal density F, and the elastic energy due to the
hexagonal columnar phase is

where uij ) (∂iuj + ∂jui)/2 is the linearized 2D strain field
and µ and λ are the Lamé coefficients, determined by
V(r).
The mean square phonon displacement can be esti-

mated using the equipartition theorem in Fourier space
as

a sum of transverse and longitudinal fluctuations.
The integral over qz has an upper cutoff ∼lo-1, which

can be extended to ∞ if lo , l*. The q⊥ integral is over
a hexagonal Brillouin zone, which for convenience, we
can replace by a circle of the same area, so that its

radius is Λ⊥ ) x8π/x3/a.
The shear modulus µ ≡ c66 and the bulk modulus (λ

+ µ) ≡ c11 - c66 can be extracted from the analogy with
the Abrikosov flux lattice.20 Replacing the magnetic flux
line density B/φo with F (φo ) flux quantum hc/2e) and
the London penetration depth λ with λD in the expres-
sions for the elastic moduli obtained for the flux lattice,20
we obtain

(When the interaction region of a polymer encompasses
many polymers, a long-wavelength (q⊥ , κD) bulk strain
causes a macroscopic change in this number, hence
costing much more energy than a shear strain which
preserves it (∇‚ushear ) 0). At short wavelengths (q⊥ .
κD), however, the number of polymers within the inter-
action range changes on the average by a factor (κD/q⊥)2
only, and the bulk modulus is smaller by that amount,

f ≡ δF/L ) Tx2xk
κ

+
g
κ
≡ T/l*(kκ,gκ) (3.3)

S/L ) (δE - δF)/LT ) 1/lo - 1/l* (3.4)

S/L ≈ 1
L
ln[nL/lo/(n/n′)L/ldef]

≈ 1
lo
ln(n) - 1

ldef
ln 2 (3.5)

〈|r|2〉 ) 2∂f
∂k

) T

xk(2xκk + g)
(3.6)

u(r,z) ) F-1 ∑
i

ui(z)δ
(2)(ri - Ri - ui(z)) (4.1)

F ) Fnematic + Fcrystal (4.2)

Fnematic ) 1
2 ∫ dz ∫ d2r [K1(∇⊥‚δn)2 +

K2(∇⊥ × δn)2 + K3(∂zδn)
2] (4.3)

Fcrystal ) ∫ dz ∫ d2r [µ uij
2 + 1

2
λ ukk

2] (4.4)

〈|u|2〉 ) T ∫ d2q⊥

(2π)2
∫ dqz2π [ 1

K3qz
4 + K2qz

2q⊥
2 + µq⊥

2
+

1
K3qz

4 + K1qz
2q⊥

2 + (λ + 2µ)q⊥
2] (4.5)

≡ 〈|uT|2〉 + 〈|uL|2〉

for κDa , 1,

c66 ≈ 1

2x3
uo
a2

c11(q⊥) ≈
4πuoF

2

κD
2 + q⊥

2
(4.6)
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becoming comparable to the shear modulus.)

Thus, when the polymers are much farther apart than
the interaction length, there is little distinction between
a shear strain and a bulk strain and they are both small.
The bending Frank constant K3 is easily seen to be

K3≈ κF, where κ) TlP. The other two Frank’s constants
are not as easy to estimate analytically. However, we
do know that in most rigid nematics, they are of the
same order of magnitude as K3. For a semiflexible
polymer, it might then be reasonable to assume that
they are of the order of Tl*F, since l* is the length of
effectively independently fluctuating segments. There-
fore

which is typically ,1. A similar relation (K1,2/K3 ≈
〈|u|2〉/l*2) was obtained by Selinger and Bruinsma8
through dimensional analysis.
Integration of eq 4.5 gives

R2 ) Λ⊥K2/2xK3c66. With K2 ≈ Tl*F and κDa , 1, we
find typically R2 , 1, so that eq 4.9 reduces to

same as eq 2.6 except for numerical factors.
Similarly, the longitudinal fluctuations for κDa . 1

are

R1 ) Λ⊥K1/2xK3c11. If R1,2 , 1, 〈|uL|2〉 ≈ 〈|uT|2〉/33/4.
For κDa , 1,

where δ ) κDa , 1, and R′ ) Λ⊥
2K1/x4πuoF

2K3, again
typically ,1 if K1 ≈ Tl*F. The integral 4.12 can then
be expanded in R′ as

similar to expression 4.10 for 〈|uT|2〉. Because c11(q⊥) .
c66 for small q⊥, 〈|uL|2〉 is only about 6% of 〈|uT|2〉, so 〈|u|2〉
≈ 〈|uT|2〉.
As a function of microscopic parameters, this yields

the following melting point:

provided am > D. Note in particular that am ≡ b3, T3/2,
lP-1/2. The persistence length lP has some variation with
temperature too. Fraden et al.22 have observed a
minimum in lP at a certain temperature for the bacte-
riophage fd. The backbone length per unit electronic
charge, b, is also a function of the salt concentration c,2
as ion-binding to the polymer neutralizes some of its
charge. As c f 0, b should approach its bare value. In
general, condition 4.14 requires that the polymer be
flexible and weakly charged, though still be able to form
a crystalline phase. To find a material with the
optimum parameters may require some experimenta-
tion.

V. Conclusion

We have presented arguments for reentrant melting
of a columnar crystal of flexible chains under conditions
of high density when the columnar geometry is expected
to lead to a soft interaction potential, allowing for the
destruction of crystalline order with increasing density,
similar to ice. Although the particular form of the
potential used here may not be exact in the range of
interactions we are talking about, any repulsive interac-
tion sufficiently unscreened so that it falls slower than
1/r2/3, if not as ln r, would still yield the same qualitative
result.17 It may be difficult to satisfy the conditions
required to achieve this transition with currently known
polymers. We look forward to more experimental work
in this area, and also a better theoretical understanding
of the predicted phase.

Acknowledgment. We are grateful for discussions
with S. Fraden, R. Meyer, and D. Turnbull about the
experimental situation. We also benefited from helpful
comments by the referees. This research was supported
by the National Science Foundation, in part by the
MRSEC Program through Grant DMR-9400396 and
through Grant DMR-9417047.

Appendix A: Path Integral Representation of
the Partition Function

Z has the form of the path-integral representation
of a matrix element of the time evolution operator U )
exp(-iHt/p) ) ∫Dr(t) exp(iS[r(t)]) in quantum mechan-
ics. Here, S[r(t)] is the action and z is the timelike
variable, and the boundary conditions on the path
represent the initial and final states. A Schröedinger-
like partial differential equation for Z can be derived
from this form, with a differencesin regular quantum
mechanics, the highest time derivative that appears in
S is (dr/dt)2, involving two derivatives, whereas in Z,
we have (d2r/dz2)2 with four derivatives. So we need to
specify not only r, but also dr/dz ≡ v at the two ends of
the path. We thus have Z(r,v;ro,vo;L): the partition
function for a polymer of length L; coordinates (ro, vo)
at z ) 0 and (r, v) at z ) L. Many of the results of this
section have also been derived by Le Doussal.23

am ≈
33/4b3[κD(D/2)K1(κDD/2)]

3

π3/221/2lB
3/2lP

1/2cL
4

(4.14)

for κDa . 1,21

c66 ≈
x3
2
uoκ0′′(κDa) ≈ 1

2x3π
2
uoκD

2 e-κDa

xκDa
c11 ≈ 3c66 (4.7)

K1,2

K3
≈ l*
lP

(4.8)

〈|uT|2〉
a2

) T
2πc66

1/2K2
1/2a2

ln(x1 + R2 + xR2) (4.9)

〈|uT|2〉
a2
≈ TΛ⊥

1/2

π23/2K3
1/4c66

3/4a2
[1 +

R2

3
+ ...] (4.10)

〈|uL|2〉
a2

) T
2πc11

1/2K1
1/2a2

ln(x1 + R1 + xR1) (4.11)

〈|uL|2〉
a2

)

TΛ⊥

4πx4πuoF
2K1a

2
∫01 dp (p2 + δ2)

xp2(p2 + δ2) + 2pxp2 + δ2/R′
(4.12)

〈|uL|2〉
a2
≈ TΛ⊥

1/2

4π23/2K3
1/4c11

3/4a2 [1 - R′
8

+ ...] (4.13)
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Evolution in z represents adding another monomer
at the end of the polymer. If the monomer length lo ,
lP, the evolution can be treated as continuous. For an
infinitesimal addition lo to L, we then have

where the transfer matrix is

The normalization factor ensures that as lo f 0, Z(L+lo)
f Z(L).
Upon expanding Z on the left in lo, and on the right

in the changes in coordinates, we obtain the differential
equation:

A forming integration yields

where {ψn, En} solve the eigenvalue equation for the
“Hamiltonian” H. ψn(r,-v), the “time”-reversed “wave
function”, is the equivalent of ψn* in quantum mechan-
ics.
In the limit of long “times” (L f ∞), the “ground state”

dominates the “evolution”, and the free energy of
fluctuations per unit length f ) (-T ln Z)/L = E0. The
ground state wave function is of the form exp(-Av2 -
Br2 + Cv‚r), with appropriate values of A, B, C, and
E0, giving

〈|r|2〉 ≡ 〈∫dz r2(z)〉/L can be obtained as

Similarly,

However, 〈|r′′(z)|2〉 is not simply 2∂f/∂κ (which is nega-
tive), because the normalization factor in Z also involves
κ, giving an extra contribution involving the small
wavelength cutoff lo. The sum of these three fluctua-
tions is the fluctuation energy, T‚L/lo.

Also of interest are the fluctuation correlation func-
tions, such as

These are easily calculated in Fourier space:

where r̃(q) ) ∫dz r(z)eiqz, ε̃(q) ) κq4 + gq2 + k. By
equipartition, |r̃(q)|2 ) TL/ε̃(q) ) S(q). C(z) can then be
calculated as (1/L)∫(dq/2π)e-iqzS(q). Its behavior will be
dominated by the poles of S(q), which could be complex
or purely imaginary, depending on whether the dimen-
sionless parameter R ) g/2xκk is < or > 1. The poles

are at q* ) (i/l+ ( 1/l- where l( ) 2xκ/(2xκk ( g).
For R < 1, correlations decay exponentially over

length l+, oscillating with wavelength l- as they do so:

For R > 1, correlations decay over a length l ) (l+-1 -
l-

-1)-1 without oscillating:

with l- ) 2xκ/(g - 2xκk).
A similar analysis in the Debye model would show

that a distortion of in-plane wavelength q⊥ applied to
one face of the sample would experience oscillatory
decay into the sample if R1(q⊥) (for a longitudinal
deformation) or R2(q⊥) (for a transverse deformation) is
<1, where R1,2(q⊥) are obtained by replacing Λ⊥ in R1,2
of section IV by q⊥.
This behavior reproduces that of a particle in a

damping fluid with damping force γv, attached to a
spring of spring constant K, experiencing a random force
η (as in Brownian motion). If one took the particle mass

m ) Dxκ, γ ) Dx2xκk + g, K ) Dxk, and η to be
Gaussian noise with 〈η(t)‚η(t′)〉 ) DTδ(t-t′) (again, t ≡
z), then one would recover the above results.
The continuum approximation breaks down at large

gwhen l(∼ lo; one then has to work with the discretized
version of the problem.

Appendix B: Validity of the Quadratic
Approximation
In the quadratic model, the distribution of fluctua-

tions about the minimum would be Gaussian. We have
verified that it is very close to Gaussian for the full
interaction potential by performing Monte Carlo simu-
lations of a fluctuating polymer in the field of many
stationary surrounding polymers, interacting via the
pair potential 2.1.
The number of shells of neighbors to be included was

determined by the condition that at the outermost shell,
the interaction potential fell to a fraction, which we took
to be 5%, of its value at the innermost shell. The
polymer parameters were taken from B-DNA at room
temperature:19 lP ) 600 Å,D ) 20 Å, and bwas assumed
to be 1.7 Å, close to its bare value, though it would be

Z(r,v;ro,vo;L+lo) )

∫ d2r ∫ d2v u(r,v;r′,v′;lo) Z(r′,v′;ro,vo;L) (A1)

u(r,v;r′,v′;lo) ) κ

2πTlo
exp {-

lo
T [κ2 (v - v′

lo )2 +

g
2 (v2 + v′2

2 )2 + k
2 (r2 + r′2

2 )2]}δ [r - r′ - lo (v + v′
2 )]
(A2)

-T ∂Z
∂z

) (- T2

2κ
∇v2 + Tv‚∇r + g

2
v2 + k

2
r2)Z ≡ ĤZ

(A3)

Z(r,v;ro,vo;L) ) 〈r,v|e-ĤL/T|ro,vo〉

) ∑n ψn(r,v) ψn(ro,-vo)e
-EnL/T (A4)

f ) Tx2xκk + g
κ

(A5)

〈|r|2〉 ) -2T 1
Z
∂Z
∂k

) 2∂f
∂k

) T

xk(2xκk + g)
(A6)

〈|v|2〉 ) 2∂f
∂g

) T

xκ(2xκk + g)
(A7)

C(z) ) 〈r(0)‚r(z)〉 (A8)

∫dz δE[r(z)] )
1

L
∑
q

ε̃(q)|r̃(q)|2 (A9)

C(z)

〈|r|2〉
) e-|z|/l+ [cos z

l-
+
l-
l+
sin |z|

l-] (A10)

C(z)

〈|r|2〉
) e-|z|/l+ [cosh z

l-
+
l-
l+
sinh |z|

l-] (A11)
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larger for finite c. We took L ) 2lP, which was many
times ldef. The polymer was divided into N ) L/∆l
segments of length ∆l, and the energy was correspond-
ingly discretized:

E({rn}) ) ∆l [κ2 ∑
n)1

N-1 (rn+1 + rn-1 - 2rn

2∆l2 )2 +

g

2
∑
n)1

N (rn - rn-1

∆l )2 +
k

2
∑
n)0

N

rn
2] (B1)

∆l ) l*/4 was chosen to balance the contributions

from the bending energy (∝1/∆l3) and the potential
energy (∝∆l).
The polymer was initialized in its equilibrium position

r(z) ) 0 and allowed to thermalize for 2000 time steps,
where each step involved a serial update of the segment
positions using the Metropolis algorithm. The updated
segment position was chosen within d/4 of the previous
position, d ) 〈|r|2〉1/2 in the quadratic approximation,
from eq 3.6. The distribution of the segments in r was
then averaged over every fourth of the next 400 time
steps, and divided into bins of size ∆r ) 3d/100. The
parameter g describing an external field was set to 0.
The results, compared with the expected quadratic
distribution, are shown in Figure 3 and found to be in
excellent agreement.
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Figure 3. Distribution of segments of a polymer in radial
displacement r from equilibrium, plotted as a function of s )

r/x〈|r|2〉. The Monte Carlo simulations of the Einstein model
were performed for λ ) a, 3a, 10a. The range of s shown was
divided into 100 bins in calculating the distribution. Dotted
lines show the theoretical quadratic distribution with variance
〈|r|2〉 as calculated within the Einstein model, not accounting
for the <2% change due to discretization.

Macromolecules, Vol. 29, No. 26, 1996 Melting of Hexagonal Columnar Crystals 8529


